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ABSTRACT 
 

This study investigates the concepts of grading 

entropy and statistical entropy within the realm 

of granular materials, such as sand, gravel, and 

industrial powders. It presents a novel 

methodology that leverages automatic 

nonlinear model fitting with parameter error 

estimation and interpolation for grading 

entropy to analyze the particle size distribution 

and its inherent randomness in these materials. 

The core of this approach lies in its capacity to 

predict the behavior and properties of granular 

materials under diverse conditions, which is 

crucial for advancements in fields like civil 

engineering and material science. The 

integration of grading and statistical entropy 

theories, along with sophisticated nonlinear 

model fitting and interpolation techniques, 

forms a solid foundation for a comprehensive 

analysis of granular materials. This enables a 

better understanding of their complex 

behaviors, thus enhancing their practical use in 

scientific and engineering applications. The 

adoption of these advanced methodologies 

signifies a significant advancement in the 

precision of predictions and the efficiency of 

data utilization in the analysis of granular 

materials. It highlights the necessity of 

 RESUMO 
 

Este estudo investiga os conceitos de 

classificação de entropia e entropia estatística no 

domínio de materiais granulares, como areia, 

cascalho e pós-industriais. Ele apresenta uma 

nova metodologia que aproveita o ajuste 

automático de modelo não linear com estimativa 

de erro de parâmetro e interpolação para 

classificação de entropia para analisar a 

distribuição de tamanho de partícula e sua 

aleatoriedade inerente nesses materiais. O núcleo 

desta abordagem reside na sua capacidade de 

prever o comportamento e as propriedades de 

materiais granulares sob diversas condições, o 

que é crucial para avanços em campos como 

engenharia civil e ciência dos materiais. A 

integração de teorias de classificação e entropia 

estatística, juntamente com técnicas sofisticadas 

de ajuste de modelos não lineares e interpolação, 

formam uma base sólida para uma análise 

abrangente de materiais granulares. Isto permite 

uma melhor compreensão dos seus 

comportamentos complexos, melhorando assim a 

sua utilização prática em aplicações científicas e 

de engenharia. A adoção dessas metodologias 

avançadas significa um avanço significativo na 

precisão das previsões e na eficiência da 

utilização de dados na análise de materiais 
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recognizing and addressing the limitations 

inherent in each method to optimize their 

application, thereby promoting innovation, 

efficiency, and safety across various 

industries. 
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granulares. Destaca a necessidade de reconhecer 

e abordar as limitações inerentes a cada método 

para otimizar a sua aplicação, promovendo assim 

a inovação, a eficiência e a segurança em vários 

setores. 
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1. Introduction 

Granular materials, comprising a broad class of particulate substances ranging from natural 

sands to industrial powders, are ubiquitous in both nature and numerous technological 

applications. Their significance spans diverse fields, from civil engineering, where they are 

fundamental in constructions and infrastructural developments, to pharmaceuticals, where 

granular characteristics affect the quality and efficacy of produced drugs. 

Despite their prevalence, granular materials pose unique analytical challenges. Their behaviour, 

unlike traditional solids or fluids, is complex and multifaceted, governed by factors like particle 

size, shape, distribution, and the interactions between particles. Such complexities make 

predicting the behaviour, of these materials under varying conditions a daunting task. 

In response to these challenges, grading entropy and statistical entropy emerge as powerful 

analytical tools. Grading entropy offers a quantitative measure of particle size distribution 

within a material, providing insight into its composition and potential behaviour, this concept 

is particularly useful in applications where the gradation of particle sizes significantly impacts 

the material's properties, such as in soil mechanics or the manufacturing of heterogeneous 

catalysts. 

Statistical entropy, on the other hand, deals with the randomness or disorder within the system. 

In the context of granular materials, it helps in understanding the degree of spatial and 

configurational randomness, which can greatly affect properties like compaction and flow. This 

form of entropy is crucial in understanding how granular materials will respond under various 

stresses and strains, or how they will behave when subjected to external forces like vibration or 

shear stress[1] 

However, the application of grading and statistical entropy to granular materials is not 

straightforward. It requires sophisticated analytical techniques that can accurately capture the 
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nuances of these complex systems. This paper delves into the application of automatic nonlinear 

model fitting, a robust statistical tool, for analysing grading entropy. This method, 

complemented by parameter error estimation and interpolation, provides a nuanced approach 

to understanding and predicting the behavior of granular materials, thereby opening new 

avenues in their analysis and application across various disciplines. 

2. Theoretical Background 

The theoretical underpinnings of grading entropy and statistical entropy, alongside nonlinear 

model fitting and interpolation, form the bedrock of advanced granular material analysis. This 

section elucidates these concepts and their foundational principles. 

2.1 Grading Entropy 

Grading entropy, a concept primarily rooted in information theory, is adapted to quantify the 

diversity in particle size distribution within granular materials. It is defined as the measure of 

the randomness or unpredictability in the size distribution of particles. The entropy increases as 

the distribution becomes more varied and decreases with a more uniform size distribution. This 

measure is critical in assessing the packing and stability of granular assemblies, as well as in 

predicting their mechanical properties. Grading entropy, therefore, plays a pivotal role in 

characterizing materials where particle size variation is a significant factor [2]. 

2.2 Statistical Entropy 

Statistical entropy, drawing from the principles of thermodynamics and statistical mechanics, 

is a measure of disorder or randomness within a system. In the context of granular materials, it 

quantifies the degree of disorder in particle arrangement and distribution. This form of entropy 

is crucial for understanding the macroscopic behavior of granular materials from a microscopic 

perspective. It helps in predicting how these materials will react to external conditions, such as 

changes in pressure, temperature, or mechanical force, and is instrumental in exploring phase 

transitions and flow characteristics of granular assemblies. 

2.3 Nonlinear Model Fitting 

Nonlinear model fitting is a statistical approach used to map complex relationships between 

variables, where the relationship is not a straight line but follows a curved pattern. This method 

is particularly effective in granular material analysis where the relationships between physical 

properties and entropy measures are rarely linear. The fitting process involves iteratively 
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adjusting the parameters of a nonlinear function to minimize the difference between the 

predicted and observed values, providing a model that best represents the underlying data. 

 

2.4 Interpolation in the Context of Grading Entropy 

Interpolation is a mathematical technique used to estimate unknown values within the range of 

a discrete set of known data points. In grading entropy analysis, interpolation is utilized to 

estimate entropy values at unmeasured points within the range of observed particle size 

distributions. This technique is essential when dealing with incomplete data sets or predicting 

entropy values under conditions not directly observed. By filling these gaps, interpolation aids 

in creating a more comprehensive understanding of the material's behaviour. 

3. Methodology 

The methodology section is devoted to outlining the process of applying automatic nonlinear 

model fitting to grading entropy, detailing the approach for parameter error estimation, and 

explaining the role of interpolation in addressing data gaps. This comprehensive approach 

provides a robust framework for nalysing granular materials. 

3.1 Application of Nonlinear Model Fitting to Grading Entropy 

The first step involves the application of automatic nonlinear model fitting to empirical data 

concerning the particle size distribution of granular materials, a direct measure of grading 

entropy. This process begins with the selection of an appropriate nonlinear function that 

theoretically models the relationship between particle sizes and their distribution. The chosen 

model is then iteratively adjusted to fit the data. This fitting process employs optimization 

algorithms, such as the Levenberg-Marquardt or Newton-Raphson methods, which seek to 

minimize the sum of the squares of the differences between the observed values and those 

predicted by the model. 

3.2 Parameter Error Estimation 

Parameter error estimation is crucial in assessing the reliability of the model. This step 

quantifies the uncertainty associated with the model parameters. The estimation is typically 

achieved through methods like bootstrapping or jackknife resampling. These methods involve 

repeatedly recalculating the parameters after slightly altering the dataset (e.g., by removing one 

observation at a time in the case of jack-knifing) to gauge the variation in the parameter 
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estimates. The standard deviation of these recalculated parameters provides an estimate of their 

error, offering insights into the confidence level of the model predictions[3] 

 

3.3 Role of Interpolation 

Interpolation plays a key role in this methodology, particularly when dealing with incomplete 

datasets or predicting grading entropy under unmeasured conditions. It involves estimating the 

grading entropy values between known data points, using mathematical functions that best fit 

the existing data. Techniques such as spline interpolation or polynomial interpolation are 

commonly employed. The choice of technique depends on the nature of the data and the 

required precision. This step is crucial for achieving a continuous understanding of the grading 

entropy across the entire range of particle sizes, thereby enhancing the model's predictive 

power. 

4. Mathematical Formulations 

The mathematical formulations in this methodology involve: 

4.1Nonlinear Model Equation:  

A general form, f(x,β), where x represents the independent variable (particle sizes), β denotes 

the vector of model parameters, and f is the nonlinear function. 

In the context of analyzing granular materials, a nonlinear model equation can be represented 

in the general form: 

 𝑓(𝑥, 𝛽) ℎ𝑒𝑟𝑒, 𝑓   represents the nonlinear function, 𝑥  is the independent variable which can be 

a particle sizes in the case of granular materials, and 𝛽  is a vector containing the parameters of 

the model. 

The essence of a nonlinear model is that the relationship between the independent variable and 

the dependent variable predicted by 𝑓 is not a straight line but follows a more complex curve 

or multidimensional surface 

4.2 Mathematical Formulation 

A typical nonlinear model might take the form of: 

𝑦 = 𝑓(𝑥, 𝛽) + 𝜀𝑦                                                                                                                        (1) 

Where: 
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𝑦 is the dependent variable which can be   a property of the granular material like density or 

porosity. ε represents the error term, accounting for the deviation of the actual observations 

from the model predictions. 

An example of a nonlinear function could be a polynomial equation, exponential growth model, 

or a logistic growth model. For instance, a simple polynomial model might look like: 

𝑓(𝑥, 𝛽) = 𝛽0 + 𝛽1𝑥 + 𝛽2𝑥2                                                                                                              (2) 

4.3 Optimization Algorithm:  

An iterative process to adjust 𝛽 such that the sum of squared residuals  

∑(𝑦𝑖 − 𝑓(𝑥𝑖, 𝛽))
2

                                                                                                                         (4) 

is minimized, where y i are the observed values. 

In the context of fitting a nonlinear model to data, an optimization algorithm is a systematic 

procedure used to adjust the parameters (𝛽) of the model. The goal of this adjustment is to 

minimize the sum of the squared differences (residuals) between the observed values (yᵢ) and 

the values predicted by the model (𝑓(𝑥𝑖, 𝛽)). This process is crucial for ensuring that the model 

accurately represents the underlying data[4] 

Mathematical Formulation 

The objective function, which we aim to minimize, can be formulated as: 

𝑂𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 = ∑
1

𝑛
(𝑦𝑖 − 𝑓(𝑥𝑖 , 𝛽))

2
                                                                               (5) 

Where: 

𝑦𝑖are the observed values. 

𝑓(𝑥𝑖, 𝛽) is the value predicted by the model for the ith observation. 

𝛽 is the vector of parameters. 

  𝑛 is the number of observations. 

The optimization process iteratively adjusts 𝛽 to find the set of parameters that minimizes this 

objective function. 

4.4 Error Estimation 
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Error estimation in the context of model fitting involves quantifying the uncertainty associated 

with the estimated model parameters. One common approach to this is calculating the standard 

deviation of the parameter estimates, denoted as σ(β), using resampling techniques such as 

bootstrapping. 

Mathematical Formulation 

The standard deviation of the parameter estimates is calculated as follows: 

 𝜎(𝛽) = ∑
1

𝑁−1
(𝛽𝑖 − 𝛽−)2                                                                                                                  (6) 

Where: 

𝛽𝑖is the estimate of the parameter from the ith resampling. 

𝛽− is the mean of the parameter estimates across all resamplings. 

N is the number of resamplings. 

4.5 Interpolation Function:  

A function, 𝑔(𝑥), chosen based on data characteristics, to estimate 𝑦 values for unmeasured 

𝑥.An interpolation function, denoted as 𝑔(𝑥),is used to estimate the values of a dependent 

variable  𝑦  for unmeasured values of an independent variable xx. The choice of an appropriate 

interpolation function depends on the characteristics of the data, such as its distribution, 

smoothness, and the presence of any underlying trends or patterns[5]  

5.6 Mathematical Formulation 

A common choice for an interpolation function is a polynomial interpolation, which can be 

expressed as: 

𝑔(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + ⋯ + 𝑎𝑛𝑥𝑛                                                                                        (7) 

Where: 

 𝑔(𝑥) is the interpolation function. 

 𝑎0, 𝑎1, 𝑎2 + ⋯ + 𝑎𝑛 are the coefficients of the polynomial.𝑛 is the degree of the polynomial, 

chosen based on the complexity of the data. 

 This methodology integrates automatic nonlinear model fitting with robust parameter error 

estimation and interpolation techniques to analyze grading entropy in granular materials. This 

approach not only enhances the accuracy of the analysis but also provides a comprehensive 

understanding of the material properties under study. 
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5. Application and Analysis 

This section delves into the practical application of the methodologies discussed automatic 

nonlinear model fitting, parameter error estimation, and interpolation in the realm of real-world 

granular materials. Through case studies and hypothetical examples, we illustrate how these 

methods enhance the understanding and prediction of material properties and behaviors. 

5.1 Case Study 1: Construction Industry 

In a typical scenario within the construction industry, engineers must determine the suitability 

of soil for foundation purposes. Using the described methodology, soil samples undergo particle 

size distribution analysis. The automatic nonlinear model fitting is applied to this data to 

characterize the soil's grading entropy. This information is critical for understanding soil 

stability and predicting settlement behaviors under load. The parameter error estimation 

provides confidence intervals, offering insights into the reliability of the predictions. For sites 

where complete data is unavailable, interpolation methods are used to estimate the grading 

entropy at unmeasured points, allowing for a comprehensive analysis of the entire construction 

site. 

5.2 Case Study 2: Pharmaceutical Powders 

In the pharmaceutical industry, the uniformity of powder granules is essential for ensuring 

consistent drug quality and efficacy. The methodologies are applied to analyze the particle size 

distribution of drug powders. Nonlinear model fitting aids in understanding the relationship 

between granule size and its distribution, crucial for optimizing manufacturing processes. The 

parameter error estimation ensures the robustness of the model, allowing for precise 

adjustments in production. Interpolation is particularly useful in predicting the properties of 

batches where only limited sampling is feasible, ensuring quality control across the entire 

production. 

5.3 Hypothetical Example: Agricultural Soil Management 

Consider an agricultural context where soil texture directly influences water retention and 

nutrient availability. Analyzing soil samples from various fields, the methodologies provide 

insights into the grading entropy of the soil. Nonlinear model fitting reveals the intricate 

relationships between particle sizes and soil properties, aiding in optimal fertilizer application 

and irrigation strategies. Parameter error estimation offers confidence in these models, vital for 

making informed agricultural decisions. Interpolation ensures continuous understanding across 

different soil types and conditions, enhancing precision agriculture practices. 
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5.4 Improvement in Understanding and Predicting Material Behavior 

These methodologies revolutionize our ability to understand and predict the behavior of 

granular materials. By accurately modeling grading entropy and its implications, coupled with 

reliable error estimations and interpolation, a more nuanced and comprehensive understanding 

of material properties is achieved. This precision is invaluable across various industries, from 

construction and pharmaceuticals to agriculture, enabling more informed decision-making and 

optimization of processes[6] 

The application of these advanced analytical methods to real-world granular materials offers 

significant improvements in our understanding of their properties and behavior. Through 

practical examples and hypothetical scenarios, the utility and effectiveness of these methods in 

various industrial and environmental contexts are clearly demonstrated. 

6. Results and Discussion 

This study demonstrates the utility of combining automatic nonlinear model fitting, parameter 

error estimation, and interpolation techniques in analyzing granular materials, with far-reaching 

implications in material science and engineering. Utilizing nonlinear model fitting significantly 

improves the prediction accuracy of material behavior, a benefit exemplified in the construction 

industry where it enabled more precise forecasts of soil settlement under different load 

conditions, essential for foundation integrity. Parameter error estimation further enhances the 

reliability of these models by quantifying prediction confidence, a critical factor in the 

pharmaceutical industry to maintain drug quality through production adjustments based on solid 

data. 

Interpolation techniques proved invaluable in addressing data insufficiencies, notably in 

agricultural management, by offering a comprehensive understanding of soil properties across 

various plots, thereby informing better farming decisions. These methodologies collectively 

form a sturdy framework for material characterization, pivotal for quality control and design 

across multiple sectors. They advance risk management in construction, optimize 

manufacturing processes, especially in pharmaceuticals, and promote sustainable 

environmental and agricultural practices through precise soil behavior predictions. 
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However, the success of nonlinear model fitting hinges on the correct model and parameter 

choices, with inaccuracies potentially leading to flawed predictions. Parameter error estimation, 

while essential, can introduce complexity and demands meticulous interpretation due to its 

computational intensity. Meanwhile, the benefits of interpolation come with a caveat against 

overextending its application beyond the scope of observed data to prevent misinterpretation[7] 

 7. Conclusion 

The study provided a comprehensive examination of leveraging automatic nonlinear model 

fitting, parameter error estimation, and interpolation techniques for the analysis of grading 

entropy in granular materials. It highlighted the substantial advancements these methodologies 

contribute towards accurately understanding and forecasting the properties and behaviors of 

such materials. The implementation of nonlinear model fitting has notably enhanced the 

precision in predicting granular material behavior under diverse conditions, with successful 

applications seen from the construction to the pharmaceutical sectors. The introduction of 

parameter error estimation into these models has established a measurable level of confidence 

in their predictions, essential in fields where accuracy is critical. Meanwhile, the application of 

interpolation techniques has adeptly bridged the gaps in incomplete data sets, facilitating a more 

comprehensive analysis across various scenarios. 

These methodologies have wide-reaching implications in the realms of material science and 

engineering, significantly benefiting risk management, design optimization, quality control, and 

the promotion of sustainable practices across numerous industries. The improved predictive 

power and understanding they offer hold the potential to spur innovation and enhance efficiency 

in both academic research and industrial applications. This paper underscores the utility of 

combining grading and statistical entropy analysis with advanced modeling and interpolation 

techniques. Such an integrated approach enhances our ability to predict and analyze the 

complex behaviors of granular materials, proving indispensable for a range of scientific and 

engineering fields. Ultimately, the study emphasizes the importance of recognizing and 

addressing the limitations inherent in these methods to maximize their effectiveness and 

application in material analysis. 

Future Research and Methodological Refinements 

Looking ahead, several areas for future research and refinement emerge: 

Exploring Alternative Models: Investigating a wider range of nonlinear models and fitting 

techniques could further improve the accuracy and applicability of these methods in different 

granular material scenarios. 
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Advanced Error Estimation Techniques: Developing more sophisticated error estimation 

methods could provide deeper insights into the reliability and limitations of the models. 

Machine Learning Integration: Incorporating machine learning algorithms could offer novel 

approaches to model fitting and data analysis, particularly in handling large and complex 

datasets. 

Cross-Disciplinary Applications: Applying these methodologies in other fields, such as 

environmental science or bioengineering, could uncover new insights and innovations. 

In conclusion, the methodologies discussed in this paper represent a significant advancement in 

the analysis of granular materials. They offer a more nuanced and comprehensive understanding 

of these materials, essential for numerous practical applications. Future research in this area 

holds great promise for further enhancing these techniques and expanding their applicability 

across a diverse array of scientific and engineering disciplines. 
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